We study properties of two different atoms at a single optical lattice site at a heteronuclear atomic Feshbach resonance. We calculate the energy spectrum, the efficiency of rf association, and the lifetime as a function of magnetic field and compare the results with the experimental data obtained for 40 K and 87 Rb ͓C. Ospelkaus et al., Phys. Rev. Lett. 97, 120402 ͑2006͔͒. We treat the interaction in terms of a regularized ␦ function pseudopotential and consider the general case of particles with different trap frequencies, where the usual approach of separating center-of-mass and relative motion fails. We develop an exact diagonalization approach to the coupling between center-of-mass and relative motion and numerically determine the spectrum of the system. At the same time, our approach allows us to treat the anharmonicity of the lattice potential exactly. Within the pseudopotential model, the center of the Feshbach resonance can be precisely determined from the experimental data.
INTRODUCTION
Motivated by the intriguing perspectives of heteronuclear molecule formation, observation of charge-density waves ͓1͔, boson-induced fermionic superfluidity ͓2-4͔ in optical lattices ͓5͔, and supersolids ͓6͔, Fermi-Bose mixtures have recently attracted lots of attention. An important step in this direction was the simultaneous trapping of bosons and fermions in a three-dimensional ͑3D͒ optical lattice ͓7,8͔. Recently, even heteronuclear molecules ͓9,10͔ were created by means of a magnetic field Feshbach resonance in combination with rf association ͓9͔.
In interpreting the experimental results and for future extensions, it is essential to develop a detailed understanding of the interaction of two particles across the Feshbach resonance, taking into account the external confinement of the optical lattice in a consistent manner. In a seminal paper, Th. Busch et al. ͓11͔ have analytically solved the problem of two identical atoms in a harmonic trap. This model has been compared to two-component Fermi gases in an optical lattice at a Feshbach resonance ͓12,13͔.
In this paper, we study the generalized case of two different atoms at an optical lattice site accounting for the anharmonic part of the potential. Both the fact that the two atoms feel different trap frequencies and the anharmonicity lead to a coupling of center-of-mass and relative motion of the two atoms resulting in deviations from the model in Ref. ͓11͔. We model interactions between two cold atoms by a regularized ␦ function type interatomic pseudopotential. We discuss the solutions of the uncoupled problem and develop an exact diagonalization approach to the coupling term. In this very general approach, we find significant deviations from the identical particle scenario, the strongest effect being observed for repulsively interacting atoms with large mass ratios. We further discuss rf association as a method of determining the energy spectrum at a heteronuclear Feshbach resonance between 87 Rb and 40 K in a 3D optical lattice. We compare the theoretical energy spectrum to the experimental results ͓9͔ and discuss methods of precisely determining the Feshbach resonance center position based on this comparison. Finally we calculate the efficiency of rf association and the lifetime of heteronuclear 40 K-87 Rb molecules and find qualitative agreement with experimental results.
I. THEORETICAL MODEL
In order to model interactions within an atom pair, we consider an interatomic potential given by a regularized ␦ potential ͓14-17͔. For two atoms of the same kind in an isotropic harmonic trap an analytic solution exists ͓11͔. Here we consider two different atomic species which are confined at a single site of a 3D optical lattice. In this case the atoms experience different trapping frequencies and the confining potential has significant anharmonic features. We use the following Hamiltonian as a starting point Here m 1 and m 2 are the masses of the two atoms, i = ͱ 2V i k 2 / m i are the trapping frequencies obtained using the harmonic approximation to the trapping potential, k is the wave number and V i is the depth of the lattice felt by atom i, a s is the scattering length, = m 1 · m 2 / M the reduced mass, M = m 1 + m 2 the total mass, r ជ = r ជ 1 − r ជ 2 the relative position, and r = ͉r ជ 1 − r ជ 2 ͉ is the distance between the atoms. V corr contains the anharmonic corrections which are necessary to accurately approximate the potential of one lattice site given by
and similar expressions for V lattice ͑y͒ and V lattice ͑z͒ . The first term of Eq. ͑3͒ gives rise to the harmonic approximation through i = ͱ 2V i k 2 / m i , and the remainder gives rise to V corr . We introduce relative and center-of-mass coordinates r ជ = r ជ 1 − r ជ 2 and R ជ = ͑m 1 r ជ 1 + m 2 r ជ 2 ͒ / M and define the corresponding frequencies c.m. : = ͱ
The transformed Hamiltonian consists of three contributions: one center-of-mass harmonic oscillator Hamiltonian H c.m. , one term for the relative motion H rel containing a harmonic oscillator term and the contact interaction, and one last term H couple grouping together all terms which couple relative and center-of-mass motion and which arise from the different trap frequencies and the anharmonic corrections
Let us first neglect the coupling terms H couple . In this case, the problem separates into relative and center-of-mass motion, with the center-of-mass motion given by harmonic oscillator wave functions. The Hamiltonian of the relative motion H rel is solved analytically in Ref.
͓11͔ and leads to the energy structure
with a rel = ͱ ប / ͑ rel ͒. Only l = 0 states are considered here, since these are the only ones affected by the regularized ␦ potential. The rest of the spectrum consists of l 0 harmonic oscillator states with an energy independent of a s . The corresponding eigenfunctions are given by
A is a normalization constant which we determine numerically, U͑a , b ; z͒ are the confluent hypergeometric functions and the noninteger indices are related to the energy by E rel = ប rel ͑2 + 3 2 ͒. The resulting energy spectrum is shown in Fig. 1 ͑black dashed line͒ for a center-of-mass energy of 3 2 ប c.m. . For vanishing interaction, the lowest harmonic oscillator state has an energy of 3 2 ͑ប c.m. + ប rel ͒. For large positive values of a s , it transforms into repulsively interacting atom pairs with a unitary positive "binding energy" of +ប rel . In a recent experiment with bosonic atoms in an optical lattice, such repulsively interacting atom pairs served as a starting point to create stable repulsively bound pairs ͓18͔. For negative a s , the aforementioned state transforms into attractively interacting atoms. In the unitary limit ͑a s → −ϱ͒, these atoms acquire a binding energy of −ប rel . When the scattering length changes from large and negative to large and positive ͑as observed, e.g., at atomic Feshbach resonances͒, we enter the molecule part of the spectrum. In that part of the spectrum, the resulting two-body bound state is stable even in the absence of the external potential. As a s becomes smaller and smaller again from above ͑a s → +0͒, the size of the molecule decreases proportionally to a s , and the binding energy tends to −ϱ.
As soon as we add the coupling term H couple this treatment is no longer valid as center-of-mass and relative motion are no longer decoupled. In order to describe this problem in a consistent fashion, we have calculated the matrix of the complete Hamiltonian ͑7͒ using the eigenfunctions of H c.m. + H rel and numerically obtained energy eigenvalues and eigenfunctions for the coupled problem by diagonalizing H. The anharmonic corrections are treated as follows. Since x 1 = X + ax and x 2 = X − bx with a : =m 2 / M and b : =m 1 / M, the x-dependent part of the anharmonic corrections V corr ͑x͒ transforms to
Corresponding expressions are obtained for the y-and z-direction, V corr ͑y͒ and V corr ͑z͒ . In the numerical implementation, we have tested for convergence with terms up to eighth order. We found that including eighth-order corrections improve the accuracy of the calculation by only Ϸ3 ϫ 10 −3 ប rel . Our approach leads to the diagonalization of rather small Hamiltonian matrices as our main interest is the modification of the ground state and the repulsively interacting pair branch. The whole calculation has been done with MATHEMATICA. As basis we have chosen the states ͉N , L , M , n , l , m͘ with lowest principal quantum numbers ⌸ : =2N + L +2n + l =0,1, ... ,⌸ max , where N, L, M and n, l, m are the quantum numbers of the eigenfunctions of the rotationally symmetric harmonic oscillator of center-of-mass and relative motion, respectively. We typically used ⌸ max = 7 leading to a total number of 258 basis states. We have found that adding another level of the uncoupled problem to the basis set leads to additional changes in the energy smaller than Ϸ10 −3 ប rel . Furthermore, we exploited the fact that the total angular momentum L z = ប͑M + m͒ of the low-energy eigenfunctions is approximately conserved despite the cubic symmetry of the optical lattice. Again, we found that including L z 0 basis states lowers the energy by only Ϸ3 ϫ 10 −3 ប rel ͓19͔. 
Rb is the 87 Rb recoil energy. In the case of heteronuclear atom pairs it is useful to express the lattice depth in units of E r,rel = ប 2 k 2 / 2, which is the kinetic energy given to a particle with reduced mass by a photon of momentum បk. Then, V Rb = 40.5E r,Rb = 12.6E r,rel . As can be seen from the figure, the deviation between the idealized model, where the coupling term has been neglected, and the full solution is substantial. The difference is most pronounced in the repulsively interacting pair branch ͑0.34ប rel Ϸ 20% of the level spacing͒ and becomes smaller as we enter the attractively interacting atom part of the spectrum. The molecular branch is relatively unaffected by the coupling term H couple . This is natural because as we approach a → + 0, the role of the external confinement decreases since the molecule becomes smaller.
The influence of the coupling term H couple is even stronger if we consider molecules with large mass ratios as in the case of 6 Li and 133
Cs, see Fig. 2 . We have chosen the lattice parameters V Li = V Cs =10E r,rel and =1 m. Here the energy of the repulsively interacting atoms is lowered by up to Ϸ0.6ប rel . Table I shows the effect of the individual coupling terms, H ⌬ : =⌬ 2 r ជ · R ជ and V corr , on to the energy of several atom pairs. The energies have been calculated for repulsively interacting atoms at a s =4a rel which is the largest scattering length shown in Figs. 1 and 2. All energies of Table I are given in units of the level spacing of the relative motion ប rel . Adding the coupling term H ⌬ contributes up to 62% to the total change ⌬E for 6 Li and 133 Cs. The strong influence of H ⌬ stems from the large mass ratio which results in extremely different trap frequencies Li and Cs . By contrast, the energy of 6 Li and 7 Li atoms is nearly not affected by H ⌬ since the trap frequencies are almost equal.
II. EXPERIMENTAL PROCEDURE
In the experiment, we have tested our theoretical approach by studying the energy spectrum of 40 K and 87 Rb Rb. This is due to the large mass ratio of the 6 Li and
133
Cs atoms. 40 K into the ͉9 / 2,−9/ 2͘ state is necessary to access the resonantly interacting state. This is precisely the transition which we use to measure the energy spectrum as outlined further below.
We ramp up a 3D optical lattice at a wavelength of 1030 nm, where the trapping potential for both species is related according to V K = 0.86V Rb . Due to the different masses of the two species, the trapping frequencies are K = ͱ 87/ 40· 0.86 Rb Ӎ 1.4 Rb in the harmonic approximation.
The optical lattice light is derived from a frequency stabilized 20W Yb:YAG disk laser with a 50 ms linewidth of 20 kHz. The lattice is formed by three retroreflected laser beams with orthogonal polarizations and a minimum detuning of 10 MHz between individual beams. In order to get a maximum of lattice sites occupied by one boson and one fermion, the best trade-off has been to limit the particle number at this stage to a few ten thousand.
In the optical lattice, we study the energy spectrum ͑bind-ing energy͒ of two particles at a single lattice site by rf spectroscopy ͑association͒ of pairs of one 87 Rb and one 40 K atom ͑see Fig. 3͒ . The idea for the measurement is to drive an rf transition between two atomic sublevels one of which is characterized by the presence of the Feshbach resonance and exhibits a large variation of the scattering length as a function of magnetic field according to ͓25͔
where a bg is the nonresonant background scattering length, ⌬B the magnetic field width of the resonance, and B 0 the resonance center position. The other level involved in the rf transition is characterized by a nonresonant scattering length independent of magnetic field over the experimentally studied field range. We use the 40 K ͉9 / 2,−7/ 2͘ → ͉9 / 2,−9/ 2͘ transition where the Feshbach-resonant state is the final ͉1,1͘ ͉9 / 2,−9/ 2͘ state.
A sample spectrum of this transition for the mixture in the optical lattice is shown in Fig. 3 . The figure shows two peaks; one of them occurs at the frequency corresponding to the undisturbed 40 K ͉9 / 2,−7/ 2͘ → ͉9 / 2,−9/ 2͘ Zeeman transition frequency at lattice sites occupied by a single 40 K fermion. This peak is used for the calibration of the magnetic field across the Feshbach resonance using the Breit-Rabi formula for 40 K and the hyperfine parameters from Ref. ͓26͔. For 57 measurements on 11 consecutive days, we find a mean deviation from the magnetic field calibration of 2.7 mG at magnetic fields around 547 G, corresponding to a field reproducibility of 5 ϫ 10 −6 . There is an additional uncertainty on the absolute value of the magnetic field due to the specified reference frequency source accuracy for the rf synthesizer of 1 ϫ 10 −5 , resulting in an uncertainty of the measured magnetic fields of 12 mG.
The second peak at a positive detuning of 13.9 kHz is the result of interactions between 40 K and 87 Rb at a lattice site where one heteronuclear atom pair is present. There are two different energy shifts causing the observed separation of the peaks: One is the constant, small energy shift of the initial ͉1,1͘ ͉9 / 2,−7/ 2͘ state which is independent of B, and the important, magnetic field sensitive collisional shift which stems from the strong Feshbach-resonant interactions in the ͉1,1͘ ͉9 / 2,−9/ 2͘ final state. In the specific example, the negative energy shift ͑binding energy͒ of the final state increases the transition frequency as seen in Fig. 3 . In order to perform spectroscopy on the aforementioned transition, we use pulses with a Gaussian amplitude envelope ͑1 / e 2 full width of 400 s and total pulse length of 800 s͒, resulting in an rf 1 / e 2 half linewidth of 1.7 kHz. We choose the pulse power such as to achieve full transfer on the single atom transition, i.e., rf pulse parameters including power are identical for all magnetic fields. Not only for rf spectroscopy pulse generation, but also for evaporation and state transfer, we have used an advanced rf synthesizer ͓52͔ allowing precise control of frequency, amplitude and phase down to the 5 ns level and therefore the synthesis of in principle arbitrary pulse shapes. K͉9 / 2,−7/ 2͘ → ͉9 / 2,−9/ 2͘ transition ͑see inset͒ at a lattice depth of V Rb = 27.5E r,Rb and a magnetic field of 547.13 G, where the interaction is attractive. The spectrum is plotted as a function of detuning from the undisturbed atomic resonance frequency and clearly shows the large atomic peak at zero detuning. The peak at 13.9 kHz is due to association of ͉1,1͘ ͉9 / 2,−7/ 2͘ atom pairs into a bound state ͑figure from Ref. ͓9͔͒.
III. EXPERIMENTAL vs THEORETICAL SPECTRUM. RESONANCE POSITION
From rf spectra as in Fig. 3 , we can determine the separation between the single atom and the two-particle ͑"molecular"͒ peak with high precision ͑typical uncertainty of 250 Hz͒ and thus extract the binding energy up to a constant offset due to nonzero background scattering lengths. At the same time, the atomic peak provides us with a precise magnetic field calibration as described above. Spectra as in Fig. 3 have been recorded for magnetic field values across the whole resonance and yield the energy spectrum as a function of magnetic field. Figure 4 shows the measured energy shift across the resonance at a lattice depth of 40.5E r,Rb as a function of magnetic field. The energy shift is obtained from Fig. 1 by subtracting the energy of the initial 87 Rb͉1,1͘ 40 K͉9 / 2,−7/ 2͘ state E s = E − E͑a −7/2 = −175a 0 ͒ ͓27͔. In addition, Figs. 4 and 1 are connected through Eq. ͑11͒. One branch of the spectrum is characterized by the presence of a "positive" binding energy, the repulsively interacting pair branch. In Fig. 1 , we have seen that this branch continuously transforms into attractively interacting atoms as a function of a s . As a function of magnetic field, however, and as a result of Eq. ͑11͒, we observe this transition as a jump from the left-hand side of Fig.  4 , where the interaction is weak and repulsive, to the righthand side of Fig. 4 , where the interaction is weak and attractive. Here, we find attractively interacting atoms which decay into free atom pairs if the external confinement of the optical lattice is removed.
Whereas in Fig. 1 , the attractively interacting atoms branch and the molecule branch are only asymptotically equal in the limit ͉a s ͉ → ϱ, the singularity on resonance in Eq. ͑11͒ transforms this into a continuous crossover across the center of the resonance position as a function of magnetic field and as seen in Fig. 4 . These molecules are stable even in the absence of the optical lattice potential.
In order to compare the numerically calculated energy spectrum E͑a s ͒ ͑blue solid line of Fig. 1͒ to the experimental data E͑B͒ of Fig. 4 , we transform the scattering length a s into the magnetic field strength B via Eq. ͑11͒. By using parameters from the literature: a bg = −185a 0 , ⌬B =−3 G ͓28͔, and B 0 = 546.8 G ͓24͔, we obtain the black dashed curve in Fig.  4 . As can be seen, the difference between the theoretical prediction and the experimental data can be overcome by a shift of the black dashed curve along the magnetic field axis. We attribute this shift to an insufficient knowledge of the resonance center position B 0 .
We therefore fit our theoretical calculations to the experimental data in order to improve the estimate for the resonance center position B 0 . As independent fit parameters we choose B 0 and ⌬B, while a bg is fixed. The latter parameter cannot be determined independently from the measurements due to its strong correlations with ⌬B. This is due to the fact that in the vicinity of the resonance center position B 0 the first term of Eq. ͑11͒ is negligible so that only the product a bg ⌬B can be determined precisely from the fit. We therefore set a bg = −185a 0 ͓28͔ and use ⌬B and B 0 as free fit parameters, with the caveat that only the value obtained for B 0 is to be considered precise. In Fig. 4 , the result of the leastsquares fit is displayed as a red solid line. Note that the reliability of the fitting procedure sensitively depends on an accurate calculation of the energy spectrum E͑a s ͒ which includes an exact treatment of the anharmonicity and the different trap frequencies of the two atoms.
The least-squares fit results in the following values of the resonance parameters ⌬B = −2.92 G and B 0 = 546.669 G. The fit results in an uncertainty of 2 mG on B 0 . The value of B 0 sensitively depends on the scattering length of the initial state a −7/2 . Assuming an uncertainty of a −7/2 of 10% results in an uncertainty on B 0 of 20 mG. Another possible source of systematic uncertainties may be the lattice depth calibration. The lattice depth has been calibrated by parametric excitation from the first to the third band of the lattice and is estimated to have an uncertainty of 5%. Repeating the fit procedure with Ϯ5% variations on the lattice depth calibration, we obtain a corresponding systematic uncertainty on B 0 of 7 mG. A third source of systematic uncertainties finally stems from the finite basis and an imprecise approximation of the lattice site potential. Here, we included corrections up to eighth order and generated basis states of the lowest eight energy levels of the uncoupled Hamiltonian. This improved the value of B 0 by 2 mG compared to a calculation with up to sixth order corrections and basis states of lowest seven energy levels. Adding the systematic uncertainty of the magnetic field calibration of 12 mG ͑see above͒, we finally obtain
under the assumption that the pseudopotential treatment is valid in the present experimental situation ͓14͔.
IV. EFFICIENCY OF rf ASSOCIATION
In a next step, we have analyzed the transfer efficiency of the rf association. The rf association process can be described theoretically by a Rabi model: The spin of the 40 K atoms is flipped from ͉9 / 2,−7/ 2͘ to ͉9 / 2,−9/ 2͘ by applying a radio frequency. The atoms are initially in state ͉1͘ : = ͑⌽ i ,0͒ and afterwards in state ͉2͘ : =͑0,⌽ f ͒. In the rotating frame and by integrating out the spatial degrees of freedom we obtain the Hamiltonian
where ⌬ : = − 0 − b is the detuning, is the radio frequency, 0 ϰ B 0 is proportional to the applied magnetic field, b is proportional to the binding energy E b = ប b , 1 ͑t͒ is proportional to the amplitude of the oscillating magnetic field B 1 ͑t͒, and ͗⌽ i ͉ ⌽ f ͘ is the overlap integral between the initial and final motional wave functions. As can be seen, the off-diagonal elements of Hamiltonian ͑13͒ are not only proportional to the rf amplitude 1 ͑t͒, but also to the overlap integral ͗⌽ i ͉ ⌽ f ͘. Therefore, the transfer probability between states ͉1͘ and ͉2͘ corresponds to Rabi flopping with a Rabi frequency reduced by the overlap integral of ⌽ i and ⌽ f compared to the pure atomic transition. Exactly on the molecular resonance, we have = 0 + b ͑→⌬ =0͒. The on-resonant result for the theoretical transfer probability ͑efficiency͒ is thus given by
which is unity for a transfer between atomic states, where ⌽ i = ⌽ f , when setting the area under the 1 ͑t͒ curve to ͐ 0 t 1 ͑tЈ͒dtЈ = . For transfer into the molecular state, the theoretical probability decreases as a function of the wave function overlap integral since the molecular final orbital wave function becomes more and more dissimilar from the initial two-body atomic wave function.
In the experiment, the molecules were associated using rf pulses designed to induce a pulse for the noninteracting atoms ͐ 0 t 1 ͑tЈ͒dtЈ = . This pulse has been kept fixed over the entire range of magnetic field values investigated. The experimental association efficiency is determined from the height of the molecular peak ͑see Fig. 3͒ as a function of magnetic field for constant pulse parameters and = 0 + b ͑→⌬ =0͒ as in the theory above.
Figures 5͑a͒ and 5͑b͒ show a comparison between the conversion efficiency as extracted from the experimental data and the theoretical estimate from Eq. ͑14͒. Theory and experiment show the general trend of dropping association efficiency with increasing binding energy when the initial and final wave functions become more and more dissimilar. In this context, we define the experimental conversion efficiency as the ratio of the number of molecules created and the initial lattice sites which are occupied by exactly one K and one Rb atom. Note that only on these lattice sites molecules can be created. For the comparison of experimental and theoretical transfer efficiency, the experimental data have been scaled by a global factor to reproduce a conversion efficiency of 1 far off the Feshbach resonance where initial and final two-body wave function are equal. This is necessary, because the initial lattice sites occupied by one K and one Rb atom have not been determined experimentally.
While the experiments presented here were performed at constant rf pulse parameters, it should be possible from the above arguments to increase either pulse power or duration or both of the rf pulse to account for the reduced wave function overlap and thereby always obtain an efficiency of 1. In particular, it should be possible to drive Rabi oscillations between atoms and molecules in a very similar way as recently demonstrated ͓29͔. The comparison also indicates that in the case of association efficiency a full quantitative agreement might require some more sophisticated treatment of the association process. This is in contrast to the analysis of binding energies and lifetimes ͑see below͒, where the good quantitiative agreement shows that here the ␦ interaction approximation captures the essential physics. Testing the Rabi oscillation hypothesis for molecules with rf might provide further insight.
V. LIFETIME
Molecule formation at atomic Feshbach resonances results in dimers which are very weakly bound and may exhibit strong inelastic collisional losses. Experiments with molecules created from bosonic atoms showed very small lifetimes. As a result, these molecules can be brought into the quantum degenerate regime ͓30͔, but thermal equilibrium is generally difficult to achieve for molecules created from bosonic atoms because of the short lifetime. In experiments with molecule creation from twocomponent Fermi gases ͓31͔, inelastic molecule-molecule and molecule-atom collisions are suppressed by the Pauli exclusion principle ͓32,33͔, resulting in remarkably long lifetimes between approximately 100 ms and even seconds, allowing Bose-Einstein condensation of Feshbach molecules ͓34͔ and the observation of BCS-BEC crossover physics ͓35-39͔. The lifetime limitation for molecules created from bosonic atoms has been overcome by creating molecules in 3D optical lattices, where molecules are created at a single lattice site and isolated from inelastic collisions with residual atoms or other molecules ͓40͔.
For molecules created from Fermi-Bose mixtures, the situation is a little bit more complicated. As far as collisions between molecules are concerned, the fermionic character of the molecule should become more evident the deeper the molecule is bound, thus resulting in suppression of collisions ͓41͔.
As far as collisions with residual atoms are concerned, we expect inelastic collisions with fermionic atoms in the same spin state as the fermionic component of the molecule, i.e., in the ͉9 / 2,−9/ 2͘ state, to be suppressed due to the Pauli exclusion principle close to the resonance, when the "atomic" character of the molecule's constituents is still significant ͓32,33͔. For collisions with bosonic atoms and fermionic atoms in a different internal state, we do not expect any Pauli-blocking enhanced lifetime, since the residual atom can in principle come arbitrarily near to the molecule's constituents.
In our situation, where the molecules are created through rf association, residual fermionic atoms remain in a different spin state, either in ͉9 / 2,−7/ 2͘ or ͉9 / 2,−5/ 2͘ ͑for the latter case, and for a description of the experimental procedure, see Ref. ͓9͔͒. These residual fermionic atoms as well as the remaining bosonic atoms may therefore limit the stability of the molecular sample.
Molecule creation in the optical lattice introduces a second aspect concerning the lifetime: lattice occupation and tunneling probabilities. In Fig. 6 , we have sketched the expected occupation in the optical lattice. Prior to molecule creation, we expect slightly less than unity filling for the fermionic component. As far as the bosons are concerned, we expect a central occupation number between 3 and 5, surrounded by shells of decreasing occupation number. In the rf association process, molecules are only created in the shell where we have one fermion and one boson per lattice site. In the outermost region of the lattice, we have lattice sites with only one fermion which are responsible for the "atomic" peak in the rf spectroscopy signal. After the rf association process in the "molecular" shell, bosons from neighboring sites as well as fermions remaining in a different spin state can tunnel to the "molecular" shell and provoke inelastic three-body loss. In our experimental situation, this is more probable for the remaining fermionic atoms, since they are lighter and have a smaller tunneling time ͑10 to 20 ms for the lattice depths discussed here͒. For the highest binding energies observed in the experiment, we find a limiting lifetime of 10 to 20 ms as seen in Fig. 7 , which is consistent with the assumption that in this case, three-body loss is highly probable once tunneling of a distinguishable residual fermion has occurred. Still, for the more weakly bound molecules and in particular for attractively interacting atoms, we observe high lifetimes of 120 ms, raising the question of the magnetic field dependence of the lifetime.
We can understand this magnetic field dependence using the pseudopotential model by introducing a product wave function for the combined wave function of the resonantly interacting atom pair and a residual fermionic atom after tunneling to a molecular site. We write this three-body wave function as
where ⌽ mol is the result of the pseudopotential calculation for the molecule and ⌽ 3 is the ground-state wave function of the residual atom at the same lattice site. Note that this treatment assumes weak interactions between the residual atom and the molecule ͑the interaction between the residual atom and the molecule's constituents is on the order of the background scattering length͒. From solution ͑15͒ of the pseudo- Rb molecules in the optical lattice. The Lifetime is limited due to residual atoms which can tunnel to lattice sites with molecules and provoke inelastic three-body loss. The theoretical prediction uses the pseudopotential wave function and contains a global factor which was adjusted to the experimental data of Ref. ͓9͔. potential model, the dependence of the loss rate on the scattering length can be obtained close to the resonance ͓32͔: the loss rate ⌫ is proportional to the probability P of finding the three atoms within a small sphere of radius , where they can undergo three-body recombination. This probability is expected to become larger for more deeply bound molecules, since two of the three atoms are already at a close distance. Up to a global factor, P is independent of the value chosen for , provided a rel , and also a s in the molecule regime. More quantitatively, we calculate this probability according to
The magnetic field dependence of the loss rate is thus given through ⌫ϰP, and the lifetime is proportional to 1 / ⌫. By using the wave functions ͑9͒ and the relation ͉A͉ where C is independent of a s , and ͑x͒ϵ⌫Ј͑x͒ / ⌫͑x͒ is the digamma function. This result agrees with a numerical integration of Eq. ͑16͒ using the eigenfunctions of the complete Hamiltonian ͑7͒. The lifetime obtained from the calculation is shown in Fig. 7 as a red solid line, scaled by a global factor to allow comparison to the experiment. As can be seen, the theoretical prediction explains the magnetic field dependence of the lifetime rather well. From an experimental point of view, we can therefore expect that removal of the remaining atoms using a resonant light pulse will significantly increase the lifetime of the molecules in the optical lattice.
CONCLUSIONS
To summarize, we have developed a pseudopotential approach to the scattering of unequally trapped atoms at a single site of an optical lattice including terms which couple center of mass and relative motion. We have compared the energy spectrum to experimental results for 40 K and 87 Rb atoms interacting at a heteronuclear Feshbach resonance in a 3D optical lattice. Within the pseudopotential model we have precisely determined the center position of the Feshbach resonance based on this comparison. The pseudopotential approach also allows us to understand the efficiency of rf association used to experimentally determine the energy spectrum, as well as the dependence of the molecular lifetime on magnetic field. The model developed in this paper enables a broad understanding of heteronuclear atom pairs in an optical lattice. We are aware of possible limitations of the pseudopotential model. It might be an interesting option to extend the method described here to energy dependent pseudopotentials ͓42-47͔ or multichannel models ͓43,48,49͔. Finally, we note that the present rf association technique could be used to study the three-body problem at a triply occupied lattice site ͓50,51͔. An advantage of this method with respect to the adiabatic magnetic field sweep proposed in ͓50͔ is that it is less sensitive to three-body losses, which are particularly important for Efimovian states ͓51͔. Here, k typ is the typical wave number of the relative motion of the two atoms, ␤ 6 = ͑2C 6 / ប 2 ͒ 1/4 is the van der Waals length scale, and r e 0 : =−ប 2 / a bg ⌬B ‫ץ‬ E res / ‫ץ‬B , ‫ץ‬E res / ‫ץ‬B being the
